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Abstract
In this paper there is proved without any metamathematical tech-
niques that the existence of precipitous ideals immediately follows
from the existence of Kuratowski partitions.
1 Introduction
In 1935 K. Kuratowski in [8] posed the problem whether a function f :X → Y ,
(where X is completely metrizable and Y is metrizable), such that each
preimage of an open set of Y has the Baire property, is continuous apart
from a meager set.
In [3] there is shown the equivalence of this problem with the problem of
the existence of partitions of completely metrizable spaces into meager sets
with the property that the union of each subfamily of this partition has the
Baire property. Such a partition is called a Kuratowski partition, (see the
next section for a formal definition).
In the 70’s of the last century R. H. Solovay and L. Bukovsky´ indepen-
dently proved non-existence of Kuratowski partitions of a unit interval [0, 1]
for measure and category using forcing methods (and the generic ultrapower),
but Bukovsky´’ proof, see [1], is shorter and less complicated than Solovay’s
(unpublished results).
With a Kuratowski partition there is associated, in a natural way, an ideal
which is called in [7] a K-ideal, (see the next section for a formal definition).
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It can be supposed that from a structure of such aK-ideal one can decode full
information about a Kuratowski partition of a given space. Unfortunately,
it is not so because, as was shown in [7], the structure of such an ideal can
be almost arbitrary, i.e. it can be a Fre´chet ideal, so in the presence of [6,
Lemma 35.9, p. 440] it is not precipitous if κ is regular, (see the next section
for the definition of precipitous ideals). Moreover, there is shown in [7] that
for each measurable cardinal κ, a κ-complete ideal can be represented by
some K-ideal. Thus, for obtaining a Kuratowski partition from a K-ideal we
need full information about the space in which the ideal is considered.
The natural question is about assumptions under which the existence of
Kuratowski partitions and precipitous ideals are related, i.e. under which
assumptions a K-ideal is precipitous. In [5] there is shown, among others,
that ZFC + there is a Kuratowski partition is consistent, then ZFC + there
is a measurable cardinal is consistent as well, using forcing methods in the
proof (i. e. a model of the G-generic ultrapower in Keisler sense), (see [2,
sec. 6.4] and [6] for details) and the Banach Localization Theorem, (see [9,
p. 82]).
The main goal of this paper is to show that the existence of a Kuratowski
partition F in a metric Baire space implies the existence of a precipitous
K-ideal associated with F . As we will show, using the Banach Localization
Theorem we do not need to use forcing techniques, which is the main idea
in the presented proof. In the contrary to enlarge spaces in proofs in [7] we
will reduce a space and use only some combinatorial properties of precipitous
ideals, (reminded in the next section) and the Baire Category Theorem.
2 Definitions and previous results
Let X be a topological space and κ be a cardinal, (κ may be assumed as a
regular cardinal).
We say that a family F consisted of meager sets of X such that
⋃
F = X
is a Kuratowski partition if
⋃
F ′ has the Baire property for any subfamily
F ′ ⊂ F .
With any Kuratowski partition F = {Fα:α < κ}, indexed by κ, one may
associate an ideal
IF = {A ⊂ κ:
⋃
α∈A
Fα is meager}
which is called a K-ideal, (see [7]).
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Let I be an ideal on κ and let S be a set with positive measure, i.e.
S ∈ P (κ) \ I = I+. An I-partition of S is a maximal family W of subsets
of S of positive measure such that A ∩ B ∈ I for all distinct A,B ∈ W . An
I-partition W1 of S is a refinement of an I-partition W2 of S, (W1 ≤W2), if
each A ∈ W1 is a subset of some B ∈ W2.
A functional on S is a collection Φ of functions such thatWΦ = {dom(f): f ∈
Φ} is an I-partition of S and dom(f) 6= dom(g), whenever f 6= g ∈ Φ.
We define Φ < Ψ if
(i) each f ∈ Φ ∪Ψ is a function into the ordinals;
(ii) WΦ ≤WΨ;
(iii) if f ∈ Φ and g ∈ Ψ are such that dom(f) ⊆ dom(g), then f(x) < g(x)
for all x ∈ dom(f).
If I is a κ-complete ideal on κ containing singletons then I is precipitous
iff whenever S is a set of a positive measure and {Wn:n < ω} is a sequence
of I-partitions of S such that W0 ≥ W1 ≥ ... ≥ Wn ≥ ... then there exists a
sequence of sets X0 ⊇ X1 ⊇ ... ⊇ Xn ⊇ ... such that Xn ∈ Wn for each n ∈ ω
and
⋂
∞
n=0Xn 6= ∅, (see also [6, p. 438-439]).
In the proof of the next theorem we will need the following characteriza-
tion of precipitous ideals, (see [6, Lemma 35.8, p. 439]).
Lemma 1 ([6]) The following are equivalent
(i) I is precipitous;
(ii) For no S of a positive measure is there a sequence of functionals on
S such that Φ0 > Φ1 > ... > Φn > ... .
3 The main result
Theorem 1 Let X be a metric Baire space with a Kuratowski partition F .
Then there exists an open set U ⊂ X such that a K-ideal IF∩U is precipitous.
Proof. Let κ = min{|F|:F is a Kuratowski partition of X}. Let
F = {Fα:α < κ}
be a fixed Kuratowski partition of X and let
FN(κ) = {f ∈ Xκ: ∃Uf a family of open disjoint sets which is dense in X
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and ∀Fα∈F∀U∈Uf f is constant on Fα ∩ U},
(compare [5, proof of Theorem 3.3]).
We claim that there exists f ∈ FN(κ) and U ∈ Uf such that
IF∩U = {A ⊂ κ:
⋃
α∈A
Fα ∩ U is meager, Fα ∈ F}
is precipitous.
Suppose not. For any f ∈ FN(κ) accept the following notation
Ff = {Fα ∩ U :Fα ∈ F , U ∈ Uf},
i.e. Ff is a refinement of F for preimages of f ∈ FN(κ).
Then by Lemma 2.1 for each Fα ∩ U ∈ Ff there exists a sequence of
functionals Φf0,Fα∩U > Φ
f
1,Fα∩U
> ... on some set SfFα∩U ∈ P (κ) \ IF∩U .
LetW fi,Fα∩U be an IF∩U -partition corresponding with Φ
f
i,Fα∩U
, i = 0, 1, ... .
Then since IF∩U is not precipitous
⋂
∞
i=0X
f
i,Fα∩U
= ∅ for all Xfi,Fα∩U ∈
W
f
i,Fα∩U
, i = 0, 1, ... . Each Xfi,Fα∩U is a domain of some function h
f
i,Fα∩U
∈
Φfi,Fα∩U . For each h
f
i,Fα∩U
∈ Φfi,Fα∩U and h
f
i+1,Fα∩U
∈ Φfi+1,Fα∩U with the prop-
erty dom(hfi+1,Fα∩U) ⊆ dom(h
f
i,Fα∩U
) we have
h
f
i,Fα∩U
(β) > hfi+1,Fα∩U(β)
for all β ∈ dom(hfi+1,Fα∩U) and i = 0, 1, ... .
Now, take Φfi =
⋃
(Fα∩U)∈Ff
Φfi,Fα∩U , for each i = 0, 1, ... . Obviously
Φf0 > Φ
f
1 > ... is a sequence of functionals on S
f =
⋃
(Fα∩U)∈Ff
S
f
Fα∩U
∈
P (κ) \ IF and W
f
i =
⋃
(Fα∩U)∈Ff
W
f
i,Fα∩
. For each i = 0, 1, ... consider hfi =⋃
(Fα∩U)∈Ff
h
f
i,Fα∩U
. Obviously dom(hfi ) is comeager and
h
f
i (β) > h
f
i+1(β)
for all β ∈ dom(hfi+1) and i = 0, 1, ... .
Now, for each i = 0, 1, ... consider Φi =
⋃
f∈FN(κ)Φ
f
i . Repeating the
adequate considerations as for Φfi we obtain the sequences of functions hi =⋃
f∈FN(κ) h
f
i , i = 0, 1, ... such that
hi(β) > hi+1(β)
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for all β ∈ dom(hi+1).
For each such a function hi and each β ∈ dom(hi) take fi ∈ FN(κ) such
that
hi(β) = fi(x),
where x ∈ Fβ ∩U for some Fβ ∩U ∈ Ffi, i = 0, 1, ... . By the Baire Category
Theorem there exists x ∈ X such that f0(x) > f1(x) > ... . A contradiction
with the well-foundness of the sequence.
As was shown above, if a space has a Kuratowski partition then the ideal
associated with such a partition can be precipitous. As there is a difference
between a complete metric metric space and a Baire metric space, in the [4]
we show that if there is a Kuratowski partition of a complete metric space
then there is a measurable cardinal.
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